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Abstract

In this paper, we develop discontinuous Galerkin (DG) methods based on non-polynomial approximation spaces for
numerically solving time dependent hyperbolic and parabolic and steady state hyperbolic and elliptic partial differential
equations (PDEs). The algorithm is based on approximation spaces consisting of non-polynomial elementary functions
such as exponential functions, trigonometric functions, etc., with the objective of obtaining better approximations for spe-
cific types of PDEs and initial and boundary conditions. It is shown that L? stability and error estimates can be obtained
when the approximation space is suitably selected. It is also shown with numerical examples that a careful selection of the
approximation space to fit individual PDE and initial and boundary conditions often provides more accurate results than
the DG methods based on the polynomial approximation spaces of the same order of accuracy.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

When the discontinuous Galerkin (DG) method [11]is used to solve partial differential equations (PDEs),
the piecewise polynomial space is the commonly chosen finite element approximation space. However, for
some PDEs and initial/boundary conditions, piecewise polynomials may not provide the best approximation
to the solution. A major advantage of the DG method is its flexibility with the finite element approximation
space. Essentially any linear space can be used as the local approximation space, and the approximation space
can vary from element to element and also for different time ¢. This flexibility comes from the fact that we do
not need to enforce any continuity at the element interfaces. Traditional continuous finite element methods
certainly do not have this flexibility. In this paper, we explore this flexibility and propose the use of spaces
based on non-polynomial elementary functions such as exponential functions, trigonometric functions etc.,
with the objective of obtaining better approximations to specific types of PDEs and initial/boundary
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conditions. It is shown that as long as the approximation space is suitably selected, we can obtain similar L2
stability and error estimates as for the piecewise polynomial space.

We now mention some related work in the literature. In [5], Cockburn et al. propose the use of the locally
divergence-free polynomial space in the DG method to solve the Maxwell equations and they achieve better
results compared to the DG method based on the classical piecewise polynomial space P¥, see also related
work in [16-18]. However, the locally divergence-free polynomial space is still based on polynomials. In this
paper we intend to focus on non-polynomial spaces in the DG method. Another line of related work is the
solution of singular perturbation problems by using exponentially fitted schemes, see for example the work
of Kadalbajoo and Patidar [15] and of Reddy and Chakravarthy [19]. We also refer to [2] in which non-poly-
nomial spaces are used in local essentially non-oscillatory (ENO) reconstructions for solving hyperbolic con-
servation laws.

The boundary layer and highly oscillatory problems are examples that the polynomial space does not make
a good approximation if the mesh is coarse. For the boundary layer problems, the slope of the solution near
the boundary is very large (Fig. 1.1, left), which is better approximated by exponential functions rather than
by polynomials. For the highly oscillatory problems (Fig. 1.1, right), the solution is better approximated by
trigonometric functions. It is intuitive that an exponential-function space should be used for good approxima-
tion to solutions with boundary layers, and a trigonometric-function space should be used to the highly oscil-
latory problems. Based on this intuition, we identified suitable approximation spaces, and studied L? stability
for the DG method based on these spaces. It can also be proven that, if the exact solution is smooth enough,
the rate of convergence is the same as the dimension of the local approximation space. Similar results can be
obtained when the DG method based on these two spaces is applied to other problems.

In the proposed modified DG method, rather than keeping the approximation spaces fixed, we allow time-
varying approximation spaces. These spaces are indexed by parameters and the parameters are adjusted at
each time-step according to the numerical solution of the last time-step. We propose methods to automatically
adjust the parameters so that the approximation spaces can better fit the underlying solution. Numerical tests
indicate that these methods do find the best-fitting parameters and can yield better results compared to the
polynomial approximation space.

This paper is organized as follows. In Section 2, we give a brief review about the DG method. In Section 3,
approximation spaces different from the polynomial space are introduced. Criteria for selecting suitable
approximation spaces are given, and approximation results are presented for spaces satisfying these criteria.
In Section 4, the method of using time-varying approximation spaces in the DG method, which is called the
modified DG method, is proposed, and two methods for adjusting the parameters in the basis functions of the
approximation spaces are presented. In the same section, theoretical results of L*-stability as well as error esti-
mates of the proposed DG method based on non-polynomial approximation spaces are presented. Section 5
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Fig. 1.1. Examples of solutions to the boundary layer problem (left) and the highly oscillatory problem (right).
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consists of numerical results showing the accuracy of the modified DG method. Concluding remarks are given
in Section 6. In Appendix A, we give the verification that some of the approximation spaces used in this paper
do satisfy the criteria required in the proof of the approximation results in Section 3.

2. The DG method

We will only briefly review the DG method here for solving hyperbolic problems. First, consider the one-
dimensional conservation law

u + f(u), =0. (2.1)

We denote the mesh by /; = [x; 1, x; 1] forj=1,..., N, with the center of the cell denoted by x; = %(xj_% +x;,1)
and the size of each cell by Ax; =x;.,

which has a bounded ratio between the largest and the smallest Ax;. If we multiply (2.1) by an arbitrary test
function v(x), integrate over the interval /;, and integrate by parts, we obtain the weak formulation

/1< uvdx — /If(“)vxdx +f(uj+%)vj+% _f(uj—%)vj—% =0. (2.2)

J

— X1 We will denote Ax = max;Ax; and will assume a regular mesh

Here u;; = u(x;,;). We replace both the solution u and the test function v by U and V, which are in the
approximation space V. For standard DG method, V7, is taken as the space of piecewise polynomials

Vi={v:vl, € P(I}),j=1,...,N}, (2.3)

where P*(I) denotes the space of polynomials in an interval I of degree at most k.
The DG method is then given by the following: Find U(:, ) € V), such that

Vi, =0 (2.4)

1
2 J—3

/1‘ U,de—/lf(U)dex—i—f(/Lﬁﬂ% o~ S0,

for all test functions V' € V},. The “numerical flux” f(/U\) =1 (U U;;L) is chosen to be a monotone flux for
2 2

the scalar case, and to be a numerical flux based on exact or approximate Riemann solvers for the system case.
Notice that we use ¥~ and V" to denote the left and right limits of V, respectively, at the interface where V is
discontinuous. The resulting method of lines ODE is then discretized by the nonlinearly stable high order
TVD Runge—Kutta methods in [20,12].

For more details of the DG method, we refer the reader to the series of papers of Cockburn and Shu [7-9],
Cockburn et al. [6,4], the lecture notes [3], and the review paper [11].

For the convection—diffusion problems

w + f(u), = (a(u, x)uy),, (2:5)

we use the local discontinuous Galerkin (LDG) method [10]. In the LDG method, local auxiliary variables are
introduced and second order derivatives are converted to first order derivatives using those auxiliary variables
which represent first order derivatives of the solution. The usual DG procedure is then applied and suitable
numerical fluxes are chosen for stability and convergence of the scheme. The auxiliary variables can be locally
eliminated thus they do not increase the size of the numerical system or pose global storage problem. We will
not review the details of the LDG method here to save space and refer the reader to the papers of Cockburn
and Shu [10,11].

3. Non-polynomial approximation spaces

In the standard DG method, the piecewise polynomial space (2.3) is used as the finite element space (both
the trial space and the test space). However, the DG method does provide the flexibility of using other non-
polynomial finite element spaces. The motivation to use non-polynomial finite element spaces is to obtain
better approximations for specific solutions of PDEs, such as the boundary layer solutions and oscillatory
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solutions in Fig. 1.1, for which exponential/trigonometric functions instead of polynomials as basis func-
tions for the new approximation spaces are expected to yield better numerical results because these func-
tions themselves can approximate the exact solutions better than polynomials. However, some criteria
are needed for the choice of basis functions of the non-polynomial finite element spaces, in order for those
spaces to have the same approximation rates as those of polynomial finite element spaces of the same
dimension.

3.1. One-dimensional case

We first consider the one-dimensional case. The following are examples of possible non-polynomial finite
element spaces in one dimension.

e The exponential space I:

B @) = {u: o], € span{e? ), &0 (x —x,), e (- x)) } e 1} (3.1)
e The exponential space 11:

E (o) = {u o], € span{e V), (x —x)),..., (x —x)) }x € 1,}. (3.2)
e The trigonometric polynomial space:

T' (o) = {v s v, € span{l,sino;(x —x;)},x € I_,},

(o) = {v s v, € span{l,sino;(x — x;),cos o (x — x;)},x € I,}
with apparent definition for the general T%(«) space.

We would like to choose non-polynomial finite element spaces which have the same approximation rates as
those of polynomial finite element spaces of the same dimension. The criteria to achieve this purpose are sum-
marized in the following proposition.

Proposition 3.1. Assume {vo, vy, ..., vx} is a local basis of the space V), in cell I,. If there are constants a; and b;
independent of Ax; and satisfying a; # 0 such that

k
U,'(x) —Zaig(x—)c_,«)l S bi(AXj)kJrl VxEIj,iZO,...,k, (34)
I=i
then for any function u(x) € Hk“(lj), there exist v, € V), and a constant C independent of Ax; such that
Joa(x) = u(@)| < Cllull ) (Ax) Y vx e ;. (35)

Proof. Let T be the Taylor expansion operator at the point x; into the standard piecewise polynomial space
P*. We have

where ¢; = fu(x;). Let

app Aol - Aok b Co 1

0 an - au b C1 X —X;

0 O e Ay bk C ()C — )Cj)k
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Let f(x) = S, (4 (x))?, we have

() <av [ 1ol
and also
[ <23 [ i Y [wimracs S [ rs < i,
1 i=0 71 i=0 /1
Therefore

Axjc’c = Ax; Z ( . 1))2 < Ax; i(”(i)(xj))z = Ax,;f (x;) < /[bf(x)dx—s—

< (14 24%) [l

Now let d = (AT)*lc and v, = d"v. We have

oy = Tul = |d"v — c"p| = [¢"A7" (v — Ap)| < VTe| A [l — 4pl|

_1 —
) ﬁ»“ o+ 280l g A B (A < Colaloor (A2,
J

where in the second last inequality above we have used the assumption (3.4). The unidentified norms are all L?
norms. C here and below is a generic constant independent of u and Ax, which may not have the same value at
different locations.

We also notice that

5\ 12
(=0

7 dt

Ju — T”HLOC([,) = Sup
X€l;

/2
< sup (/ [V (1) dt> /
xel; xj

[t

'

< C|”|H’f+1(1_,)(ij)k+l/2-
Finally we have, for all x € I,
() = 04 ()] < Ju(x) = Tu()] + Joa(x) = Tu(x)] < Clulgon g () 4 Cllal| g (Axy) 7
< C||”||Hk+1(1,)(ij)k+l/2
and the proof is now complete. [

Next, we estimate the approximation rate in the L? norm.

Proposition 3.2. Assume V), is a space satisfying the condition (3.4) in Proposition 3.1 in each cell I; € Q. Let Py,
be the L? projection operator into the space V). For any function u(x) € H"\(Q), there exists a constant C such
that:

k+1
1Pt = ull gy < Cllr] oo g (Ax) (3.6)

Proof. We choose the same v, as that in Proposition 3.1. Squaring both sides of (3.5) and then integrating in
the cell /;, we obtain

2 2 2k+2 .
= vl < CllullZuon ) (Ax)* i
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Therefore,
2 2 2 2 2%+2 2 2442
1Py — w720 < Ml = vall720) = D e = vll72g) < C Y Nl 1) (Ax) ™7 < Cllul 01 ) (Ax)* 2
J J

Taking square roots on both sides finishes the proof. [

We verify in Appendix A that the three spaces (3.1)—(3.3) satisfy the condition (3.4) in Proposition 3.1.

We now show numerical results in Tables 3.1 and 3.2 for the approximations to u(x)=¢" and to
u(x) = sin(x) respectively. From the results in these two tables, we can see that we obtain the optimal order
of the approximation rate (equal to the dimension of the local approximation space) when using the approx-
imation spaces EX(1) and T%(1) (k = 1, 2), where, e.g., EX(1) refers to o; =1 for all j, to approximate general
functions. It can be seen that the approximation results are comparable to those obtained by the usual piece-
wise polynomial approximation for general functions. Not surprisingly, we obtain the exact solutions modulo
round-off errors when approximating specific functions tailored to the specific approximation spaces.

3.2. Multi-dimensional case

In this subsection we generalize the approximation spaces to multi-dimensions. We concentrate our atten-
tion on the two-dimensional case. The following are examples of possible non-polynomial finite element spaces
in two dimension.

e The exponential space:

Ek((x, ﬁ) = {1; . U|K c Span{eik(x_xKH’ﬁK(y_YK), edk(x—xk)ﬂfk(y—yk)(x _ xK)7e‘1K(x_XK)+/jK()’_YK)(y 7)’1{)7

ek (=) + Bk (—ri) (x — ) ek (¥ XK)+/3KO’*J)K)(X —x) (Y — ye), e“K(X*XK)JrﬁK(J’*)’K)(y _ yK)Z’ s
_ _ k
IO (¢ ) IOy () € K . (37)
Table 3.1
L* and L>™-errors of approximation to e¢* (0 < x < n). Uniform mesh with N cells
N Exponential space E'(1) Trigonometric space T%(1)
L*error L*-error L*-error Order L*>-error Order
10 1.42E-14 2.25E-14 5.98E—-02 1.38E-01
20 9.26E—14 2.15E—13 1.50E—02 2.00 3.63E-02 1.93
40 7.64E—14 1.85E—13 3.76E—03 2.00 9.31E-03 1.96
80 6.69E—13 1.53E-12 9.39E—-04 2.00 2.36E—03 1.98
160 8.37E—13 1.93E-12 2.35E-04 2.00 5.94E—04 1.99
Exponential space Ez(l) Trigonometric space T 1)
L2-error L*-error L?-error Order L°°-error Order
10 8.06E—14 1.76E—13 3.18E-03 6.35E—-03
20 5.90E-13 1.56E—12 3.96E—04 3.01 8.62E—04 2.88
40 1.10E—11 2.70E—11 4.99E—-05 2.99 1.12E—-04 2.94
80 1.39E-10 3.48E—10 6.24E—06 3.00 1.44E—05 2.96
160 8.78E—11 2.23E-10 7.80E—07 3.00 1.81E—06 2.99
Polynomial space P’ Polynomial space P>
L*error Order L*>-error Order L*-error Order L*>-error Order
10 5.98E—-02 1.34E-01 1.59E—03 3.26E—03
20 1.50E—02 2.00 3.58E—02 1.90 1.99E—04 3.00 4.38E—04 2.90
40 3.76E-03 2.00 9.26E-03 1.95 2.49E—05 3.00 5.67E—05 2.95
80 9.39E—-04 2.00 2.35E-03 1.98 3.12E-06 3.00 7.21E—06 2.98

160 2.35E-04 2.00 5.93E—-04 1.99 3.90E-07 3.00 9.09E—07 2.99
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Table 3.2
L* and L>™-errors of approximation to sinx (0 < x < m). Uniform mesh with N cells
N Exponential space E'(1) Trigonometric space T"(1)
L*error Order L>™-error Order L*-error Order L>-error Order
10 9.19E-03 1.34E-02 4.60E—03 6.52E—03
20 2.30E—03 2.00 3.33E-03 2.01 1.15E-03 2.00 1.65E—03 1.98
40 5.76E—04 2.00 8.31E—-04 2.00 2.88E—04 2.00 4.13E-04 2.00
80 1.44E—04 2.00 2.07E—04 2.01 7.20E—05 2.00 1.03E—04 2.00
160 3.60E—05 2.00 5.18E—05 2.00 1.80E—05 2.00 2.58E—05 2.00
320 9.00E—06 2.00 1.30E—-05 1.99 4.50E—06 2.00 6.46E—06 2.00
Exponential space E*(1) Trigonometric space T%(1)
L*error Order L>-error Order L*-error L°°-error
10 3.45E-04 4.76E—04 2.37E-14 1.65E—14
20 4.32E-05 3.00 5.84E—05 3.03 3.36E—15 1.67E—15
40 5.41E—06 3.00 7.24E—06 3.02 3.00E—13 2.21E—13
80 6.76E—07 3.00 9.01E-07 3.01 1.52E—12 2.17E—12
160 8.45E—-08 3.00 1.12E-07 3.01 1.51E—13 1.11E—13
320 1.07E—08 2.98 1.68E—08 2.74 2.64E—11 3.79E—11
Polynomial space P' Polynomial space P*
L*error Order L>-error Order L*-error Order L°°-error Order
10 4.60E—03 6.54E—03 1.22E—04 1.60E—04
20 1.15E-03 2.00 1.65E—03 1.99 1.53E-05 3.00 2.02E—05 2.99
40 2.88E—-04 2.00 4.13E-04 2.00 1.91E-06 3.00 2.53E-06 3.00
80 7.20E—-05 2.00 1.03E-04 2.00 2.39E-07 3.00 3.17E-07 3.00
160 1.80E—05 2.00 2.58E—-05 2.00 2.99E-08 3.00 3.96E—08 3.00
320 4.50E—-06 2.00 6.46E—06 2.00 3.74E—-09 3.00 4.95E—09 3.00

e The trigonometric polynomial space:

T'(o, B) = {v: v|g € span{l,sinok(x — xg),sin B (y — y¢)}, (x,¥) €K}
T*(o, B) = {v: v| € span{l,sinog(x — xg),sin B (y — y¢), cos og (x — xg ), (3.8)
sin o (x — xx) sin i (v — yg), cosax (v — yg )}, (x,3) € K}
with apparent definition for the general T%(z, f) space.

Here K is a two-dimensional cell with the center at the point (xg, yx).
Similar propositions as those in the one-dimensional case can be obtained for multi-dimensions. We will
again concentrate on the two-dimensional case.

Proposition 3.3. Assume {v,,,, m = 0, n = 0, m + n < k} is a local basis of the space V), in cell K. If there are
constants Qyy,, and b, independent of Ax = diam(K) and satisfying Guum. # 0 such that, for all x,y € K,
mn=0 m+n<k,

Upn — Z amnpq(x _XK)p(y _yl()q < bnlﬂ(Ax)k+l7 (39)

p=m,q=np+q<k

then for any function u € W<*"(K), there exist v, € V}, and a constant C independent of Ax such that:

oa(x, ) — ulx,y)| < CHuHWm,x(K)(Ax)kH Y(x,y) € K. (3.10)
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Proof. Let 7 be the Taylor expansion operator at the point (xg, yg) into the standard piecewise polynomial
space P*. We have

Tu(x,y) = Z Cpq(x - xK)p(y _yK)q’
P,q=>0,p+q<k
where ¢, = 51 0%u(xk, vy ).
Let the tensors A=(yuupq) i+ 1yxth1xh-+1xk+1) D = Bomn) et Dyxthr1ys € = (Cpg) i Dyxhitys U= (Upnn) (k1 yxh41)

[T L)

and p = (Pun) ket Dyxii+1) With py,, = (x — xg)"(y — yg)" for mn = 0, m + n < k. We define the operation “:” as
a product between tensors:

(Z cilminmjl“'jmdjl“'jm) lf n 2 m7
1+Jm

J

C:D= (Cilig...fn) : (d_/]jz---f,,,) =

i ond

( > Cil...indil...inj,,Al...jm> otherwise.

Notice that this is the usual inner product if the two tensors C and D are of the same order, and is the usual
matrix—vector product (or vector-matrix product) if Cis a matrix and D is a vector (or if Cis a vector and D is
a matrix). It is easy to check, just by the definition, that this operator satisfies the following associative and
distributive properties:

(1) C:(D:E)=(C:D):E, if the order of D equals the sum of the orders of C and E;
(2) C:(D+ E)=(C:D)+(C:E), if D and E are of the same order.

With this definition we obtain

2
1 2
cie= >y Waﬁ@‘y’u(xi,yj)) < Y (aﬁa‘y]u(xi,ijS( > Iaﬁa‘y’u(xi,yj)>

P,q=0.p+q<k ’ P,q=0.p+q<k p.q=20.p+q<k
2
< lul] Lo (k)

~ Now we need a matrix d such that d: 4 = c. In fact, for this specific 4, there exists a unique “inverse” tensor
A such that d = ¢ : 4. We will show how to obtain this tensor 4 in Appendix A. Also let v, = d:v. Now we
obtain

lop—Tu|=|d:v—c:p|=|d:(v—A:p)|=|c:d:(v—A:p)| < Ve:c|d|llv—4:p|
< lutll e AN IBN(AR) < Clull e g (Ax)*,

where |[v — 4 :p|| and ||b|| refer to the vector L* norm when the matrices v — 4 :p and b are regarded as a long
vector (that is, the square of the norm is the sum of squares of all the entries of the matrix), and ||4|| is the
associated operator norm.

We also notice that, by the property of the Taylor expansion,

[l — T”||L°<(1<) < C‘u|W"+'-°‘(K)(AX)k+1'
Therefore we have, for all (x, y) € K,
Julx, 7) = vnx, ¥)| < Julx,y) = Tule,y)| 4 |oa (6, y) = Tulx, y)| < Clulypone ey (Ax) "+ Cllull e g (Ax)
< Cllul oy (A) .
Now the proof is complete. [

Next, we estimate the approximation rate in the L* norm.
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Proposition 3.4. Assume V), is a space satisfying the condition (3.9) in Proposition 3.3 in each cell K € Q. Let P,
be the L* projection operator into the space Vy, For any function u € W**'°°(Q), there exists a constant C such
that

| Pru — uHLZ(Q) < C||u||Wk+1,x(Q)(Ax)k+1. (3.11)

Proof. We choose the same vy, as that in Proposition 3.3. Squaring both sides of (3.10) and then integrating in
the cell K, we obtain

2 2 2k+4
Hl/l — Uh||1,2(1<) § C||u||Wk+1,3o(K> (A)C) + VK
Therefore,

2 2 2 2 e+4 242
[Py — ””LZ(Q) < flu— Uh”LZ(Q) = Z [l — Uh”LZ(K) < CZ H“HWHW(K)(AX) < C||”HW’”'-°°(Q)(AX) o
K I3

Taking square roots on both sides finishes the proof. [

We verify in Appendix A that the two spaces (3.7) and (3.8) satisfy the condition (3.9) in Proposition 3.3.

We now show numerical results in Tables 3.3 and 3.4 for the approximations to u(x, y) =e¢* % and to
u(x, y) = sin(x) + sin(y) respectively. From the results in these two tables, we can see that we obtain the opti-
mal order k+ 1 of the approximation rate when using the approximation spaces E(«, ) and T, )
(k=1,2), to approximate general functions. It can again be seen that the approximation results are compa-
rable to those obtained by the usual piecewise polynomial approximation for general functions. Not surpris-
ingly, we obtain exact solutions when approximating specific functions tailored to the specific approximation
spaces.

Table 3.3
L* and L>™-errors of approximation to ¢*™2 (0 < x, y < 1). Uniform mesh with N, x N, cells
NXN, Exponential space E'(1, —2) Trigonometric space T'(1, 1)
L?-error L*>-error L*-error Order L>-error Order
5x5 4.65E—15 2.49E-14 7.95E-03 6.65E—02
10x 10 5.57E-15 451E—14 2.00E-03 1.99 1.86E—02 1.84
20 x 20 4.66E—14 2.46E—-13 5.01E—04 2.00 4.93E-03 1.92
40 x 40 1.43E—13 8.90E—13 1.25E—04 2.00 1.27E-03 1.96
80 x 80 3.80E—13 2.41E-12 3.13E-05 2.00 3.22E-04 1.98
160 x 160 2.27E—-12 1.28E—11 7.84E—06 2.00 8.11E—05 1.99
Exponential space EX(1, — 2) Trigonometric space T%(1,1)
L*-error L*>-error L*-error Order L*>-error Order
5%x5 8.30E—14 5.28E—13 4.05E-04 4.24E-03
10x 10 2.97E—-13 1.88E—12 5.11E-05 2.99 6.00E—04 2.82
20 %20 4.39E-12 2.52E—11 6.40E—06 3.00 7.98E—-05 291
40 x 40 2.57E—11 1.62E—10 8.00E—07 3.00 1.03E—05 2.95
80 x 80 5.55E—11 3.42E-10 1.00E-07 3.00 1.31E-06 2.98
160 x 160 9.71E—11 9.46E—10 1.25E—08 3.00 1.67E—07 2.97
Polynomial space P' Polynomial space P?
L*-error Order L*>-error Order L-error Order L>-error Order
5%x5 7.94E-03 6.63E—02 3.81E—-04 3.95E-03
10x 10 2.00E—03 1.99 1.86E—02 1.83 4.80E—05 2.99 5.61E—04 2.82
20 %20 5.01E-04 2.00 4.93E-03 1.92 6.02E—06 3.00 7.47E-05 291
40 x 40 1.25E—-04 2.00 1.27E-03 1.96 7.53E-07 3.00 9.65E—06 2.95
80 x 80 3.14E-05 1.99 3.22E-04 1.98 9.41E-08 3.00 1.23E-06 2.97

160 x 160 7.84E—-06 2.00 8.11E—-05 1.99 1.18E—-08 3.00 1.54E-07 3.00
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L*- and L>®-errors of approximation to sinx + siny (0 < x, y < ). Uniform mesh with N, x N, cells

N:XN, Exponential space E'(1, 1) Trigonometric space T'(1, 1)
L*-error Order L>-error Order L*-error Order L*>-error Order
5x5 1.94E—01 3.42E-01 4.58E—-02 5.24E-02
10x 10 4.99E—02 1.96 8.97E-02 1.93 1.15E—02 1.99 1.30E—-02 2.01
20 %20 1.26E—02 1.99 2.25E-02 2.00 2.89E-03 1.99 3.30E-03 1.98
40 x 40 3.15E-03 2.00 5.61E-03 2.00 7.22E-04 2.00 8.26E—04 2.00
80 x 80 7.88E—04 2.00 1.40E-03 2.00 1.81E-04 2.00 2.07E—-04 2.00
160 x 160 1.97E—-04 2.00 3.49E-04 2.00 4.51E—05 2.00 5.17E—05 2.00
Exponential space EX(1,1) Trigonometric space T%(1,1)
L*-error Order L*>-error Order L-error L*>-error
5x5 2.06E—02 5.00E-02 3.13E-13 3.52E—13
10x 10 2.65E—03 2.96 6.55E—03 2.93 3.97E-14 3.97E—-14
20 %20 3.33E-04 2.99 8.30E—04 2.98 5.88E—14 6.44E—14
40 x40 4.17E—05 3.00 1.04E—04 3.00 5.18E—13 7.00E—13
80 x 80 5.21E-06 3.00 1.30E—-05 3.00 2.46E—12 2.73E-12
160 x 160 6.52E—07 3.00 1.63E—06 3.00 4.00E—12 4.66E—12
Polynomial space P' Polynomial space P>
L*-error Order L>-error Order L*-error Order L-error Order
5x5 4.60E—02 5.25E-02 2.44E-03 2.48E—-03
10x 10 1.15E-02 2.00 1.31E-02 2.00 3.06E—04 3.00 3.21E-04 2.95
20 %20 2.89E-03 1.99 3.30E-03 1.99 3.83E-05 3.00 4.05E—05 2.99
40 x40 7.22E-04 2.00 8.26E—04 2.00 4.79E—06 3.00 5.07E—06 3.00
80 x 80 1.81E—04 2.00 2.07E-04 2.00 5.99E—07 3.00 6.34E—07 3.00
160 x 160 4.51E—05 2.00 5.17E-05 2.00 7.49E—-08 3.00 7.93E-08 3.00

4. Discontinuous Galerkin method with time-varying approximation spaces

For the one-dimensional conservation law (2.1), we will use the space E*(a) (3.1) or T%(2) (3.3) in Section 3
as the finite element space. However, we would like to adjust the parameters o; in these spaces for different time

steps. The numerical scheme is set up as follows:

1. Decide the initial parameters oc? We will calculate oc? from the initial condition, using the same method for

the choice of the initial parameters as for later parameter adjustment, to be described in detail in Section
4.1.

. When the numerical solution U" € V} is known at time step n, where V' is based on the choice of param-
eters o, use the DG or LDG method to obtain the preliminary numerical solution U"*' € ¥ for the next
time-step. This step is basically the same as that for DG or LDG method using the piecewise polynomial
space. The only difference is that we use a non-polynomial finite element space V. For example, the DG
method for the conservation law (2.1) is: Find U"*! in the non-polynomial finite element space ¥} such
that

gt —u ] e o
J (g Erac= [ rwnwaass 0,005, - A0, 477, =0 @)
holds for all test function ¥ € V;. The choice of the numerical fluxes f(/U\)j 11 is the same as that for
DG method based on the piecewise polynomial space. Notice that here we have used the forward Euler
time stepping as an example to demonstrate the algorithm. In actual calculation we would use higher
order TVD Runge-Kutta methods [20,12] which are convex combinations of the forward Euler
operator.
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3. Find the new parameters oc;?“ which can better fit the preliminary numerical solution U"*! at the new time
step obtained from Step 2 above, hence the new finite element approximation space V”*'. Again, this pro-
cedure will be described in detail in Section 4.1.

4. Use the L*-projection to transfer the preliminary numerical solution U"*! € V', to the numerical solution
U™ € V!, Because the finite element space consists of discontinuous functions, the L*-projection can
be easily implemented locally. For example, when the cells do not change, we simply need to find the func-
tion U™ € V! such that

/ (U™ (x) — 0™ (x))es(x)dx = 0, 0 < i<k, 4.2)

1j
where e/x), 0 < i< k, form a basis of the new approximation space V*'. This involves only local, small
linear system solvers.

5. Repeat Steps 2, 3, and 4 above until we reach the final time, or the steady state.

4.1. Methods to adjust the parameters

We will concentrate our attention on the exponential approximation space E(x) defined in (3.1), and
describe our approach to find the parameters o; in the basis functions of Ek(oc) to fit the numerical solution.
We determine the optimal o; (denote it by ff) in each cell by fitting the numerical solution U(x) to the expo-
nential function ce™) on the cell 7. In order to make the calculation easier, we choose to find the parameter
f to minimize the L? difference between log|U(x)| and log |ce®/)| = log |c| + B(x — x;) when ¢ and f can both
freely change, that is, we would like to find § such that

¢(c.B) = / (log |U(x)| — log|e| — B(x — x,))’dx

1

is minimized. Taking a/f( , ) and setting it to zero, we obtain

[ 10 U]~ togel ~ Btx — 2)x ~ 3k = 0. (43)
1
This leads directly to
12
ﬁ—i/x—x- log |U(x)|dx. 44
(Ax) 1/_( 1) log|U(x)]| (4.4)

If U(x) € V}; with the parameter o}:

Ux) = % (g + (v = ;) + - + e (x = x7)"), (4.5)

then (4.4) becomes
12
= p= (Ax)) /, log [ug + uy (x = x;) + - -+ + we(x — x,)"|dx, (4.6)

where the integral can be computed by numerical quadratures.

Generally, we can also attempt to fit the numerical solution U(x) into an exponential-like function
e )S ! (x — x;)" for any [ < k, but this will increase the difficulty of the calculation.

In Section 5.2 we will test the effectiveness of this method in identifying the parameter ;. We have also
tested a second method to determine the optlmal o; (denote it again by p) in each cell by fitting the numerical
solution U(x) to the exponential function e/~ (c + ¢;(x — x;) + - - + ¢4 (x — x;)*) on the three cells 7, ,,
and [;,. The advantage of this second method is that it sometimes gives more accurate parameters than
the first method based on our numerical experimental results. The disadvantage is that it requires more com-
putational time because of its nonlinearity. We will not present numerical results associated with this second
method to save space.
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4.2. [?-stability and an error estimate in one dimension

We present in this subsection the theoretical results of the L-stability for the general one-dimensional
scalar nonlinear conservation laws (2.1) and an error estimate for the linear case

u, + cu, = 0, (47)
where ¢ is a constant.

Proposition 4.1 (L*-stability). Let u;, be the solution of the DG method (2.4) for the one-dimensional scalar
nonlinear conservation law (2.1) based on a non-polynomial approximation space V;. We have

(T 172 + O (un) < Jun(0)][7- (4.8)
with @ (u;,) = 0. In particular, if the PDE (2.1) is the linear equation (4.7), then

Or(uy) = I / Zuh 2 adt, where (1], = (1 2) — (3 ).

The proof is identical to that for the polynomial approximation space case [14]. In fact, no special prop-
erty of the approximation space V7, is used in the proof of the stability result in [14]. We do remark, how-
ever, that similar result can be proved for the fully discrete DG method only for special classes of time
discretizations [14]. If the stability holds for fully discrete DG method based on a fixed approximation space
V, it also holds for our modified DG method with the approximation space ¥} changing with each time
step, since we use the L? projection to transfer the preliminary numerical solution in the old space v, to
the new space V7'

In order to prove an error estimate, we need the following approximation property of the finite element
space V.

Lemma 4.2 (Approximation result) Assume V), is a space satisfying the condition (3.4) in Proposition 3.1 in
each cell I; € Q. Let Py, be the L? projection operator into the space V. For any function u(x) € H*'(Q), there
exists a constant C such that

k+1/2
Ph”(xjiﬂ/z) —u(xj12)| < C(Ax) +/ ”uHHk“(I,-UI]-H)'

Proof. We choose the same v, as that in Proposition 3.1 and will use the same notations. We can decompose u
as

uzvh+(u—vh).
Since P, (v),) = vy, we have
|Phu — u| § \Ph(u — Uh)| + |Ll — Uh|.

From Proposition 3.1, we know [u — vy < Cllul| ;) (Ax; V2 for all x € I, Now let

(u — vy) Z Fiv;.
From the definition of the L*-projection, we have
/(Ph(u —v)—(w—v))vidx=0 0<I<k.
1
which can be written out as

/1”0 ) ,-(x.)' Ul(x)dx:/l‘(u_vh) lZSC) b 0<I<k
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or equivalently

12k Y - 1/2 ~
/ > (r(Ax)) ”'(y)i UI(Y),dy:/ (u — vp) Ul(y)ldy, 0< 1<k (4.9)
12 % (Ax;)" (Ax)) -1/2 (Ax;)
where y = ’% and ¥;(y) = v;(x). (4.9) can be concisely written as
My R = h, . o
_ : _ 12wk ww) riAx; _| M
where My, = (my;) with m;; = [~ U2 Y Tan) dy, R = and h = with 4, = f 1/2(14 vy)
Vk(AXj)k hk

f &Q))h and (3.5), we easily obtain

| < Cllull e (Ax) 2,0 <1<k,
hence |4, < C||u||Hku(,/_)(Ax_,-)k+1/2. Again from (3.4), we observe

51‘()’)_ < CAx;
(Ax;)

]

i
—a;y

therefore the entries of the matrix M, can be written as

e P u0) wb) -
my; = a;y'a;y'd +/ Uly‘ l —ay'apy' |dy = i + 81(Ax)),
I /—1/2 yany dy s (ij), (ij), Yayy |dy = /i il /)

where f}; is independent of Ax; and |g,(Ax;)| < CAx;. That is, we have
My, = F + G(Ax;),

where F is 1ndependent of Ax; and is invertible (as it is the mass matrix of a local basis {ag, @11y,
a»y?, ..., agy*} with a; # 0), and [G(AX)|lso < CAX;. My, itself is also always 1nvert1ble for any Ax,, bemg
the mass matrlx of a local basis of V. Now, considering again (3.4) )
we have

P4t = o)l <1 < CIRIL = ClIM g Al < CIM LMl < CA) 2l g 1 | (F + G(A;))

< CA) P lull e g 1N+ FG(A)))
1
L= [F7'G(Ax))|
1
1= | F| CAY,

k+1/2 _
< CA) 2 ull oo 17

o0

k+1/2 — k+1/2
< O 2 lull oo g IF | (Ax))

||”HHH1(1,-)~

When Ax; is suitably small, we now have
k+1/2

[Phu — u”L”(],v) < |Py(u — UII)HL*X(I,-) + Ju— Uh”L*X(I,-) < C(Ax)) w HMHH"“(I/)'
Finally, we obtain

|Ph”(x/i+1/2) —u(xj)| < [|Ppu — “||L°°(1,) + ||Phu — u”L"C(IjH)

k+1/2 k+1/2 k+1/2
< C(A) P full sy, + COA; ) P lull oy, < COAX) T 2 g -

This finishes the proof. [

We are now ready to prove the following error estimate.



308 L. Yuan, C.-W. Shu | Journal of Computational Physics 218 (2006) 295-323

Proposition 4.3 (Error estimate). Let u be the smooth exact solution of (4.7), and uy, be the numerical solution
(2 4) by the DG method using a local space V), satisfying the condition (3.4) and an upwind numerical flux

f(U)H% = C+IC| UL +< ‘C‘ U+ Then we have
12
[l = ] 2 < Cllul] s (Ax )k+ 2. (4.10)

Proof. Most of the proof of this proposition is the same as that for the standard piecewise polynomial space
[10]. We denote & = Pyu — uy, and & = u — Pju, where Pju is the standard L? projection of u into the approx-
imation space V), and take the test function V' = e in (2.4) to obtain, after straightforward algebraic manip-
ulations similar to the proof of the cell entropy inequalities [14]:

L d . C+M el e )
E@/ dx—i——z €112 ef*1/2 < Z & 1/2 —Z(gjtl/z)-

J

From the result of Lemma 4.2, we have

1d |c|
2 dt Z €12~ €- 1/2] < C||”||ilk+1(Ax)2k+l~

This clearly implies

[e(.. T2 < Clla] g (Ax) 172,
Combing with (3.6) of Proposition 3.2, we obtain

e = wall 2 < Nl 2+ 11ell 2 < Cllul g (A 4 Clla] s (Ax) 2 < Clla] s (A) 2,

This finishes the proof. [

The result of this proposition can be easily generalized to any one-dimensional linear systems.
Finally, we prove that the transfer of information from one approximation space to another does not
destroy accuracy.

Proposition 4.4 (Error estimate for the projection). Ifu is the smooth exact solution of (4.7), uy, is the numerical
solution (2.4) by the DG method with V), as in the previous proposition, and Py, is the L*-projection into a new
approximation space V, satisfying the same condition (3.4), then we have

ot — P> < Claf s (A)* 2. (4.11)
Proof. First

[l = Prugl 2 < Nlu = Pouall 2 + ([P = Praagl| 2 < ffue = Pl 2 + [Ju = wnl 2,

where the last inequality is because P, is an L*-projection hence it does not increase the L>-norm. By Prop-
osition 4.3, we have

It = wnll 2 < Cllull oo (Ax) 72,
On the other hand, by (3.6), we have
e = Pl 2 < Cluall oo (A)

Combining the two inequalities finishes the proof. O

4.3. Multi-dimensional case

The DG method with time-varying approximation spaces can be easily generalized from one-dimensional
to multi-dimensional cases. We will comment on the numerical performance of the algorithm in Section 5. As
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to the stability and error estimate, applying the results in Section 3.2 and using similar proofs as in the one-
dimensional case, the results in the previous subsection can be generalized to the multi-dimensional case. We
will state the results for the two-dimensional case and will omit most of the proofs when they are similar to
that in the one-dimensional case.

For a general scalar two-dimensional conservation law:

ut +f(u)x + g(u)y = 0’ <412)
and its linear case:
U + caue + cyu, =0, (4.13)

we have the following stability result.

Proposition 4.5 (L’-stability). Let u, be the solution of the DG method for the two-dimensional scalar nonlinear
conservation law (4.12) based on a non-polynomial approximation space V;. We have

s (T) 172 + O (n) < luo]l72 (4.14)
with © {(u;) = 0. In particular, if the PDE (4.12) is the linear equation (4.13), then
T
Or(u) = [ Y levneal [t dre
0 L'E[EAV €

with ¢ = (¢, ¢y), B, is the collection of all edges, n,, k is the outward unit normal along the edge e for the element
K, and [u;] = u™"© — ™D denotes the jump of u along the edge.

As in the one-dimensional case, we would need the following approximation property of the finite element
space V.

Lemma 4.6 (Approximation result). Assume V), is a space satisfying the condition (3.9) in Proposition 3.3 in
each cell K € Q. Let P, be the L? projection operator into the space Vy, For any function u(x) € W**>(Q), there
exists a constant C such that

k+1
1Pyarx) = )y <l o (A) .

Proof. We choose the same v, as that in Proposition 3.3 and will use the same notations. We can decompose u
as

u:Uh+(M—Uh).
Since P(v;,) = vy, we have
|Phut — u| < |Py(u— vp)| + | — vy

From Proposition 3.3, we know |u — vy] < C||u||Wk+l.x(K)(Ax)k+l for all x € K. Now let

Ph(u - Uh) = Z VinUmn -

mn=0m+n<k

From the definition of the L*-projection, we have
//(Ph(u—vh)— (u—v3))vpdxdy =0, p>0,¢4=>0, ptqg<k
K

which can be written out as, for all p,¢ > 0, p+ ¢ <k,

[, 3, et = [ [u-wiies

or equivalently, for all p, ¢ > 0, p + ¢ <k,
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mtny Onn (X y) qu Uh qu 59) - -
(P (AX)™) e // dxdy, (4.15)
// mn=0m+n<k (Ax) ( K’ p+q

where ¥ =K § =225 3,.(%,7) = va(x,y) and K’ = {(X,9) : Ax(X,p) + (xx,yx) € K}. (4.15) can be con-
cisely written as

MA‘, R = h,

where My = (Mpgmn)  With Mg = [ [ ”Z; ) L"”’ ’;fq dxdy, = (rm,,(Ax)'”+") and h=(h,) with
= [ [ % dxdy. By (3.9), which implies the boundedness of ¢ g (X M, and (3.10), we easily obtain
g < Cllull i (AX), p 20,4 > 0,p+q <k (4.16)

We define a norm of the matrix X = (x;) as

1X1|% = max i1,

and the associated operator norm of fourth order tensors M as
) = sup LXK
xzo 1XIT

From (4.16), we have |||~ < C||u||W/(+1m(,<)(Ax)k“. Again from (3.9), we observe

therefore the entries of the tensor My, can be written as

Umn 'x y ()’E’j})
Mpgmn = //K/ X"V A XY dxdy—i—//, ( Ay = Aopn X"V Qg XY >dxdy
:qumn +gpqmn<Ax)7

where f,,., 1s independent of Ax and |g,4m.(Ax)| < CAx. That is, we have
M, = F + G(Ax),

where F is independent of Ax and its “inverse” F exists, as it is the mass matrix of a local basis
{@0000, @1010X, @010175 - - - » Akoko X~ - -+, Aogord* } With dpmn 7 0 (again, see Appendix A for the discussion of the in-
verse of such tensors), and ||G(Ax)||>* < CAx. The “inverse” of My, itself always exists for any Ax, because
M, is the mass matrix of a local basis of V7,

We need to define a new operation between two fourth order tensors F and G:

(FoG):X=F:(G:X) for any matrix X.

Setting [ = (ipq,,m) = (6pm04qn), we have F o [ = F = I o F for any fourth order tensor F, and F o F=FoF=Iif
F has an “inverse” F (see Appendix A). We can also easily verify from definition that the ¢ 1nverse” of FoG is
GoF,ie. FoG = GoF.Now, considering again (3.9) and the implied boundedness of b"q ) we have

pﬂi H

1Pa(u = o)l =) < CIRI™ = ClIMac = AI™ < ClIMaI™[IA]™ < (Ax)k+l‘|u||wk“v°o(1()”F+ G(Ax)|™
< C(A) Hlull ooy |F 1N+ F o G(AX)||™

— o 1
g C(Ax)k+] Hu”WkH’x(K)HFH 1— HF o G(Ax))”OC
. 1
< O oo 1P s < COO0 Ml

When Ax is suitably small, we now have
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k+1
[Phu — u”L”‘(K) < |1Po(u — Uh)HL‘x(K) + [Ju— Uh”L”C(K) < C||”||W"“’°C(K)(Ax) o

This finishes the proof. [
With this approximation result we can prove the following error estimate.

Proposition 4.7 (Error estimate). Let u be the smooth exact solution of (4.13), and uy;, be the numerical solution
by the DG method using a local space V), satisfying the condition (3.9) and an upwind numerical flux. Then we
have

llu — wp||,2 < Cllual] i (Ax)F2, (4.17)

The result of this proposition can be easily generalized to any two-dimensional symmetric linear
systems.

Finally, we have the same error estimate for the transfer of information between different approximation
spaces.

Proposition 4.8 (Error estimate for projection). If u is the smooth exact solution of (4.13), uy, is the numerical
solution by the DG method with V), as in the previous proposition, and Py, is the L*-projection into a new
approximation space V', satisfying the same condition (3.9), then we have

e — Pyuag]] ;2 < Clla]| s (Ax)<H72. (4.18)

5. Numerical examples

In this section, we present selected numerical experimental results to demonstrate the performance of our
DG method based on non-polynomial approximation spaces, including the performance of the methods to
determine the parameters in the local spaces. We concentrate our attention mostly on the exponential spaces,
and use uniform Cartesian meshes to simplify the implementation, although the method can be easily applied
on general triangulations. Time discretization is via the TVD Runge—Kutta time discretization [20,12] of order
comparable to the spatial accuracy.

5.1. Shock capturing

We compute the one-dimensional Burgers equation to demonstrate the accuracy and shock capturing
capability of the DG method based on non-polynomial approximation spaces for nonlinear conservation
laws.

Example 5.1. One-dimensional Burgers equation:

wt (3) 0 (5.1)

with the initial condition

Table 5.1
Example 5.1. Errors of Burgers equation at time 7= 0.05 with the TVB limiter (M = 40). N uniform cells
N Polynomial space P Exponential space EX(1)
L*-error Order L>-error Order L*-error Order L>-error Order
10 1.48E—03 4.82E—03 1.50E—03 5.46E—03
20 2.32E-04 2.67 9.32E-04 2.37 2.46E—04 2.61 1.02E—03 242
40 3.45E-05 2.75 1.49E—04 2.65 3.95E-05 2.64 1.61E—04 2.66
80 5.11E-06 2.76 2.16E-05 2.79 5.82E—06 2.76 2.58E—05 2.64
160 7.05E—07 2.86 3.02E-06 2.84 8.18E—07 2.83 3.93E-06 2.71

320 9.21E-08 2.94 4.02E—07 2.91 1.08E—07 2.92 5.28E—07 2.90
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1
u(x,0) = 3+ sin 2mx (5.2)
and a periodic boundary condition.

The exact solution is smooth at 7'= 0.05 and has a well developed shock at 7'=0.5. In Table 5.1, we can
see, whereas when the TVB generalized slope limiter is used with a properly chosen constant M = 40 (see [7]
for the definition of this limiter), the DG method is uniformly high order using both P? and E*(1) spaces. The
solution at 7= 0.5 is plotted in Fig. 5.1 and it can be seen that the numerical solutions under the two approx-
imation spaces are almost the same, i.e. the DG method based on the exponential space is able to capture the
shock well.

5.2. One-dimensional problems: parameter adjustment in the local spaces

Example 5.2. We solve the PDE

u,+u, =2u, 0<x<m, (5.3)
[ m]
r F O
15F O numerical I O numerical
N exact 151 exact
L O o
125F r O
F 1.25 |
1F .k
5 O75F L onsb
o5f osk
0.25 0.25
ofF 0
025 L L L 025
0 0.25 0.5 0
X X
[ O numerical I O numerical
15F exact 15F exact
1251 125
1F 1k
5 O75F 5 075F
05F 0.5
0.25 0.25
of 0
025 Ll L -0.25
0 0.25 0.5 0
X X

Fig. 5.1. Example 5.1. Solutions of Burgers equation at time 7'= 0.5. Uniform mesh with 80 cells. Top: no limiters; Bottom: with the TVB
limiter, M = 40. Left: P*> approximation space; Right: E*(1) approximation space. Solid line: the exact solution; Symbols: numerical
solutions (one point per cell).
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with a constant initial condition: u(x, 0) = 1 and the boundary condition: u(0, ) = 1. The exact steady state
solution is

u(x) = e*. (54)

This example has the steady state solution in the approximation space EX(«), if the method to determine the
local parameter o; is able to catch the correct o value. Notice that the constant initial condition is far from the
final steady state, so the correct identification of o is possible only at a later stage of time evolution.

The numerical solution and parameter adjustment results are shown in Tables 5.2 and 5.3. From Table 5.2,
we can see that by using the exponential space E<(a), we obtain basically the exact solution modulo round off
errors, which are far better than the solutions obtained by using the standard P* space. From Table 5.3, we
find the parameters are adjusted gradually as time grows and eventually reach the values fitting the steady state
solution almost exactly.

Table 5.2
Example 5.2. L>- and L>-errors at steady state under two different approximation spaces. N uniform cells
N Polynomial space P' Exponential space E'(o)
L-error Order L*>-error Order L*-error L*-error
10 9.40E—00 3.20E+01 441E-11 1.56E—10
20 1.83E—00 2.36 8.09E—-00 1.98 3.61E—12 7.09E—12
40 4.21E-01 2.12 1.99E—-00 2.02 1.30E—11 4.57E—-11
80 1.02E-01 2.05 4.88E—01 2.03 1.19E-10 4.50E-10
160 2.53E-02 2.01 1.21E-01 2.01 8.90E—10 4.97E—09
Polynomial space P* Exponential space E*(o)
L*-error Order L>-error Order L*-error L*>-error
10 3.38E—01 1.30E-00 3.33E-11 6.91E—11
20 4.16E—02 3.02 1.79E-01 2.86 8.17E—11 1.75E—-10
40 5.14E-03 3.02 2.35E-02 2.93 6.23E—11 3.53E-10
80 6.38E—04 3.01 3.01E-03 2.96 1.26E—11 4.12E—-11
160 7.94E—-05 3.01 3.82E-04 2.98 5.29E—11 4.71E-10
Table 5.3
Example 5.2. The parameters o, for each cell at time 7. N = 10 uniform cells
Time T Parameters found at time 7 for each cell /;
1 2 3 4 5 6 7 8 9 10
Exponential space E! (o)
0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.0 1.34 6.08 6.37 4.18 2.31 1.28 0.90 0.71 0.58 0.49
2.0 2.01 2.02 1.28 2.10 6.61 5.56 3.94 248 1.46 0.95
3.0 2.00 2.00 2.01 2.09 1.81 0.57 3.99 6.28 5.19 3.84
4.0 2.00 2.00 2.00 2.00 1.99 2.06 2.13 1.47 0.30 4.87
5.0 2.00 2.00 2.00 2.00 2.00 2.00 1.99 2.00 2.14 2.09
6.0 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 1.97
7.0 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

Exponential space E* (o)

0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.0 2.07 0.11 11.0 7.94 2.42 1.39 0.95 0.73 0.60 0.50
2.0 2.00 2.00 1.94 2.27 —0.57 10.3 8.39 3.12 1.44 1.01
3.0 2.00 2.00 2.00 2.00 2.02 1.90 2.46 —1.22 9.70 8.82
4.0 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.03 1.85 2.56

5.0 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
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Example 5.3. We solve the PDE
u+u =2xu, 0<x<1, (5.5)

with a constant initial condition: u(x, 0) = 1 and the boundary condition: u(0, t) = 1. The exact steady state
solution is

u(x) =e*. (5.6)

This example has the steady state solution which is not in the approximation space E¥(«) for any o, but may be
approximated better locally by E*(x) with a suitably chosen o; than by the standard polynomial space P~
Notice that the constant initial condition is again far from the final steady state, so as before the correct iden-
tification of « is possible only at a later stage of time evolution.

The numerical solution and parameter adjustment results are shown in Tables 5.4 and 5.5. From Table 5.4,
we can see that the exponential space E*(2) and the standard polynomial space P* both have the same conver-
gence rate in L? and L™ norms. However, the errors of exponential space are much smaller than those of the
polynomial space, indicating that we have obtained good parameters in the exponential space so that better

Table 5.4
Example 5.3. L>- and L*-errors at steady state under two different approximation spaces. N uniform cells
N Polynomial space P' Exponential space E'(x)
L*error Order L>-error Order L*-error Order L*>-error Order
10 4.16E—03 2.09E-02 1.92E-03 7.67E—03
20 1.03E-03 2.01 5.55E—03 1.91 4.74E—04 2.02 1.95E—-03 1.98
40 2.55E-04 2.01 1.43E-03 1.96 1.18E—04 2.01 4.90E-04 1.99
80 6.34E—05 2.01 3.63E—04 1.98 2.93E-05 2.01 1.23E-04 1.99
160 1.58E—-05 2.00 9.15E-05 1.99 7.32E—-06 2.00 3.07E-05 2.00
Polynomial space P> Exponential space (o)
L*error Order L>-error Order L-error Order L>-error Order
10 9.93E—-05 5.55E—-04 2.45E—06 1.02E—05
20 1.23E-05 3.01 7.50E-05 2.89 2.60E-07 3.23 1.19E—06 3.10
40 1.53E-06 3.01 9.75E—-06 2.94 1.84E—08 3.82 1.43E—07 3.05
80 1.91E-07 3.00 1.24E-06 2.98 2.04E—09 3.17 1.73E-08 3.04
160 2.39E—08 3.00 1.57E-07 2.98 2.41E-10 3.08 2.14E—09 3.02
Table 5.5
Example 5.3. The parameters o, for each cell at time 7. N = 10 uniform cells
Time T Parameters found at time 7 for each cell J;
1 2 3 4 5 6 7 8 9 10
Exponential space E'(«)
0.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.65 1.63 1.53 1.34 1.23 1.13 1.05 0.98 0.92 0.87
1.0 0.13 0.33 0.53 0.73 0.94 1.14 1.32 1.49 1.86 2.58
2.0 0.13 0.33 0.53 0.73 0.94 1.14 1.33 1.54 1.74 1.94
3.0 0.13 0.33 0.53 0.73 0.94 1.14 1.34 1.54 1.74 1.94
4.0 0.13 0.33 0.53 0.73 0.94 1.14 1.34 1.54 1.74 1.94

Exponential space E> (o)

0.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 6.62 3.06 1.90 1.38 1.24 1.15 1.07 1.00 0.95 0.90
1.0 0.10 0.30 0.50 0.70 0.90 1.10 1.32 1.49 0.93 8.81
2.0 0.10 0.30 0.50 0.70 0.90 1.10 1.30 1.50 1.70 1.90

3.0 0.10 0.30 0.50 0.70 0.90 1.10 1.30 1.50 1.70 1.90
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approximations are obtained to the exact solution. Table 5.5 shows that the parameters are adjusted gradually
. . . . 2

as time grows and eventually reach values fitting the steady state solution well (since e’ =Y ezxf(x‘xf)e(x"‘f)z,

where ¢ is a constant and e’ ~ 1, the best fitting parameter is 2x; in cell I)).

Example 5.4. We solve the boundary layer problem:
u, +u, = euy,, 0<x<0.5, (5.7

where ¢ =0.01, with a linear initial condition: u(x, 0) =2x and the boundary conditions u(0, 1) =0 and
u(0.5, t) = 1. The exact steady state solution is

e/t — 1

This example has the steady state solution which has a sharp boundary layer at the right boundary, which can
be approximated by the space E(«) with suitably chosen o much better than by the standard polynomial space
P*. Again, the initial condition is far from the final steady state, hence the correct identification of « is possible
only at a later stage of time evolution.

The numerical solution and parameter adjustment results are given in Tables 5.6 and 5.7. In Table 5.6, we
can see that by using the exponential space EX(x), we obtain basically the exact solution modulo round off
errors, which are far better than the solutions obtained by using the standard P* space. From Table 5.7,
we find the parameters are adjusted gradually as time grows and eventually reach the value 1/¢ = 100 fitting
the steady state solution almost exactly.

Example 5.5. We solve the PDE
uy = (ple)u), + g, (59)

1. p(x) = x7% g(x)= —x%"—2x+1 and 1 < x <2 with the constant initial condition: u(x, 0) =2 and the
boundary condition: u(2, r) = 2. The exact steady state solution is u(x) = Qe H/x==1/2 Table 5.8 gives
the results.

2. p(x) = —x, q(x) = xcosx+ x>+ 1 and 1 < x <2 with the constant initial condition: u(x, 0) =2 and the
boundary condition: u(1, ) =2. The exact steady state solution is u(x) = 2es"+"/2sin1=1/2 The results
are given in Table 5.9.

From Tables 5.8 and 5.9, we can clearly observe that the exponential space E¥(o) and the standard poly-
nomial space PX both have the same convergence rate in L* and L> norms. However, the errors of exponential
space are much smaller than those of the polynomial space, indicating that we have obtained good parameters
in the exponential space so that better approximations are obtained to the exact solution.

Table 5.6
Example 5.4. L>- and L>-errors at steady state under two different approximation spaces. N uniform cells
N Polynomial space P! Exponential space E'(c)

L*-error Order L>-error Order L*-error L>-error
10 3.14E-02 3.55E-01 2.35E-14 1.68E—13
20 1.45E-02 1.11 2.12E-01 0.74 6.82E—14 5.22E—13
40 5.14E-03 1.50 1.03E—01 1.04 1.51E—13 1.45E—12
80 1.52E—03 1.76 3.73E-02 1.47 3.78E—13 2.92E-12

Polynomial space P> Exponential space EX(c)

L*-error Order L>-error Order L*-error L>-error
10 1.20E—02 1.24E—-01 5.97E—14 4.51E-13
20 3.13E-03 2.27 4.56E—02 1.70 1.09E—14 7.61E—14
40 5.51E—04 2.71 1.10E—02 2.17 2.76E—14 2.15E—13

80 7.87E-05 291 1.98E—03 2.53 2.80E—15 3.73E—-14
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Table 5.7

Example 5.4. The parameters o, for each cell at time 7. N = 10 uniform cells
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Time T Parameters found at time 7 for each cell /;
1 2 3 4 5 6 7 8 9 10
Exponential space E'(«)
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
1.0 62.7 51.8 47.4 429 43.1 30.3 74.5 99.9 100.0 100.0
1.5 64.6 43.6 94.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0
2.0 100.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
3.0 100.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Exponential space E(a)
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
1.0 78.9 58.2 514 47.1 44.0 435 57.5 97.7 100.0 100.0
1.5 81.3 69.1 89.4 99.3 100.0 100.0 100.0 100.0 100.0 100.0
2.0 102.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
3.0 102.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Table 5.8
Example 5.5. L% and L*-errors at steady state under two different approximation spaces. N uniform cells
N Polynomial space P! Exponential space E'(2)
L*-error Order L>-error Order L*-error Order L>-error Order
5 4.64E—02 2.32E-01 7.00E—03 2.73E-02
10 1.43E—02 1.70 9.45E—02 1.30 2.07E-03 1.76 1.20E—02 1.19
20 3.94E—-03 1.86 3.12E-02 1.60 5.58E—04 1.89 4.05E—03 1.57
40 1.03E—03 1.94 9.06E—03 1.78 1.45E—04 1.94 1.18E—03 1.78
80 2.62E-04 1.98 2.45E—03 1.89 3.68E—05 1.98 3.19E-04 1.89
Polynomial space P* Exponential space E(2)
L*-error Order L*>-error Order L*-error Order L*>-error Order
5 6.57E—03 3.29E-02 1.09E—04 4.59E—04
10 1.03E-03 2.68 7.00E—03 223 1.48E—05 2.88 9.18E—05 2.32
20 1.40E—04 2.87 1.17E—03 2.58 1.98E—06 2.90 1.52E—05 2.59
40 1.81E—05 2.95 1.70E—04 2.78 2.58E—-07 2.94 2.22E—-06 2.78
80 2.30E—06 2.98 2.30E—05 2.89 3.29E-08 2.97 3.01E-07 2.88
Table 5.9
Example 5.5. L>- and L>-errors at steady state under two different approximation spaces. N uniform cells
N Polynomial space P! Exponential space E'(x)
L*-error Order L*>-error Order L*-error Order L*>-error Order
5 3.59E-02 1.45E—-01 7.94E—04 3.50E—-03
10 8.47E—-03 2.08 3.63E-02 2.00 1.75E-04 2.18 1.06E—03 1.72
20 2.07E-03 2.03 9.06E—03 2.00 4.16E—05 2.07 2.89E—04 1.87
40 5.11E-04 2.02 2.26E—03 2.00 1.02E—05 2.03 7.55E-05 1.94
80 1.27E—04 2.01 5.65E—04 2.00 2.52E—-06 2.02 1.93E-05 1.97
Polynomial space P> Exponential space EX(«)
L*-error Order L*>-error Order L*-error Order L*>-error Order
5 9.18E—04 3.88E—-03 5.83E-05 2.88E—04
10 1.12E—-04 3.03 5.15E-04 291 7.25E-06 3.01 4.18E—05 2.78
20 1.39E-05 3.02 6.66E—05 2.95 8.98E—07 3.01 5.59E—-06 2.90
40 1.72E—06 3.01 8.47E—-06 2.98 1.11E-07 3.01 7.21E-07 2.95
80 2.15E-07 3.00 1.07E—06 2.98 1.65E—08 2.75 1.05E—07 2.78
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5.3. Helmholtz equation

Example 5.6. We consider the equation:
U = Ug + Au (5.10)

and we are interested in the steady state solution of (5.10) which is the one-dimensional Helmholtz equation.
When 2 > 0, the exact solution can be written in the form of ¢; sin v//x + ¢; cos v/Zx. The trigonometric space
T*(\/7) given by (3.3) can be used in the LDG method to obtain almost exact numerical solution. When / < 0,
the exact solution can be written as cle‘/*_b“ + cze*‘/*_i". Usually, the exact solution is dominated by one term,
either ¢;eV~* or c,eV~*. The time-varying exponential space E(x) can be applied in this case.

1. 2 =4 with a linear initial condition:
4
u(x,O)zEx—&—l, 0 <x< /4, (5.11)

and the boundary conditions u(0, £) = 1 and u(n/4, t) = 2. The exact steady state solution is
u(x) = 2sin 2x + cos 2x. (5.12)

The numerical results are shown in Table 5.10. We can see that the exact solution (modulo round off errors)
is obtained by the LDG method using the approximation space 77(2).
2. 2= -9 with a linear initial condition:

u(x,0) = (e +2* - 3)x+3, 0<x<1, (5.13)
and the boundary conditions u(0, 1) = 3 and u(1, f) = e > + 2¢>. The exact steady state solution is

u(x) = e + 2e*, (5.14)
The numerical results are given in Table 5.11. We can see that the exponential space E“(«) and the standard
polynomial space P* both have the same convergence rate in L> and L™ norms. However, the errors of

exponential space are much smaller than those of the polynomial space, indicating that we have obtained
good parameters in the exponential space so that better approximations are obtained to the exact solution.

5.4. Two-dimensional problems

The two-dimensional numerical procedure follows that in one dimension. We observe that the identification
of the optimal parameters in our non-polynomial DG method is more time consuming than the one-dimen-
sional case. This is due partly to the increased cost of the base algorithm in two dimensions, and partly to the
fact that more parameters (e.g. two instead of one for the exponential spaces) must be identified. We have
therefore made the following two modifications to speed up the computation. When using E*(a, f§) space to
solve two-dimensional problems, we first solve the problems using DG method with polynomial P* space
to reach steady state and use this result as the initial condition. We then apply the parameter adjustment
method, namely the method to fit the parameters described in Section 4.1 for the one-dimensional case, with
apparent modification for the two-dimensional case, to evolve in the E¥(a, ) space with adjusted o and f
towards steady states. In this stage we have not used the logarithm in the least square procedure. This makes

Table 5.10

Example 5.6. L>- and L*>-errors at steady state under two different approximation spaces. N uniform cells

N Polynomial space P* Trigonometric space 7%(2)

L-error Order L>™-error Order L*-error L>-error

5 2.50E—04 1.44E—03 1.66E—15 4.88E—15
10 2.51E—05 3.30 1.28E—04 3.02 1.38E—15 5.33E-15

20 2.72E—06 3.19 1.57E—05 3.03 4.14E—15 2.09E-14

40 3.15E-07 3.11 1.95E—06 3.01 1.66E—14 9.06E—14

80 3.78E-08 3.06 2.43E-07 3.00 2.94E-15 1.55E—14
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Table 5.11
Example 5.6. L>- and L*-errors under two different approximation spaces. N uniform cells
N Polynomial space P* Exponential space E*(2)
L*-error Order L*>-error Order L*-error Order L*>-error Order

5 2.98E—-02 1.43E-01 1.98E-03 7.16E-03
10 3.51E-03 3.09 2.21E-02 2.69 2.44E-04 3.02 9.31E—04 2.94
20 3.87E—04 3.18 3.07E-03 2.85 3.04E—05 3.00 1.16E—-04 3.00
40 4.26E—05 3.18 4.06E—04 2.92 3.80E—-06 3.00 1.44E—05 3.00
80 4.83E-06 3.14 5.22E-05 2.96 4.75E—07 3.00 1.79E—06 3.00

the least square procedure more costly for each step but it seems to allow us to reach the numerically optimal
parameters much faster.

Example 5.7. We consider the following two-dimensional boundary layer problem:

U+ Uy + Uy = gy + 6y, 0 <x,y < L (5.15)

1. &, = ¢, = 0.05 with an initial condition

u(x,y,0) =1 (5.16)

and the boundary conditions u(x, 0, 1) = ™% wu(x, 1, 1) =e®> %, (0, y, 1) =e** % and wu(l,y, 1) =

¢*?2% The exact steady state solution is u(x, y) = ¢***"~2)_ The numerical results are given in Table 5.12.

2. &= 0.05, &, = 0.5 with an initial condition
u(x,»,0) =1 (5.17)
and the boundary conditions u(x, 0, 1) = ™%, u(x, 1, 1) = ®* '8 (0, y, 1) = * 2 and u(1, y, 1) = &*.
The exact steady state solution is u(x, y) = ¢****~2°. The numerical results are given in Table 5.13.

We can see clearly that, as in the one-dimensional case, by using the exponential space E(a, f), our method
can identify automatically the correct values of o and f based on the numerical solution, which leads to basi-
cally the exact solution modulo round off errors, which are far better than the solutions obtained by using the
standard P* space.

Example 5.8. We consider the equation:
U = Uge + Uy +Au, 0<x,y<1 (5.18)

and solve the steady state solution of (5.18) which is the two-dimensional Helmholtz equation.

Table 5.12
Example 5.7. L>- and L*>-errors at steady state under two different approximation spaces. Ny X N, uniform cells
N, XN, Polynomial space P! Exponential space E'(a, f)
L*-error Order L>-error Order L*error L>-error
10x 10 7.02E—03 3.60E—01 9.23E—11 442E-10
20 %20 2.24E—03 1.65 1.69E—-01 1.09 1.11E-11 7.39E—10
40 x 40 6.01E—04 1.90 6.00E—02 1.65 1.15E-12 9.38E—11
80 x 80 1.53E—04 2.97 1.81E—02 1.73 8.66E—12 3.10E—-10
Polynomial space P> Exponential space EX(a, f§)
L*-error Order L>-error Order L*error L>-error
10x 10 2.13E-03 1.25E-01 8.81E—13 442E—11
20 x 20 3.54E—-04 2.59 3.22E-02 1.96 5.28E—13 341E-11
40 x 40 4.81E—05 2.90 5.99E-03 243 2.89E—13 2.40E—11

80 x 80 6.15E—06 2.97 9.21E-04 2.70 8.66E—12 3.10E-10
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Table 5.13
Example 5.7. L> and L*-errors at steady state under two different approximation spaces. N, X N, uniform cells
NXN, Polynomial space P' Exponential space E'(a, f)
L*-error Order L>-error Order L*-error L*>-error
10x 10 7.15E-02 1.16E-00 1.44E—-12 1.74E-10
20 % 20 2.08E—02 1.78 4.29E—01 1.44 8.63E—12 1.30E—10
40 x 40 5.44E—-03 1.93 1.32E-01 1.70 3.07E-12 7.03E-10
80 x 80 1.38E—03 1.98 3.70E—-02 1.83 8.87E—12 1.80E—10
Polynomial space P? Exponential space EX(a, )
L*-error Order L>-error Order L*-error L*>-error
10x 10 1.22E-02 2.06E—-01 1.51E-11 1.74E-10
20 % 20 1.81E—03 2.75 4.00E—02 2.34 1.82E—11 2.82E—10
40 x 40 2.37E-04 2.93 6.31E-03 2.66 2.87E—12 6.71E—11
80 x 80 3.00E—05 2.98 8.88E—04 2.83 1.65E—11 3.73E-10
Table 5.14
Example 5.8. L>- and L™ -errors at steady state under two different approximation spaces. Ny X N, uniform cells
NXN, Polynomial space P! Exponential space E'(a, )
L*-error Order L>™-error Order L*error Order L>-error Order
10x 10 7.36E00 1.06E02 2.01E—01 1.28E00
20 % 20 1.85E00 1.99 2.92E01 1.86 5.05E—-02 1.99 3.39E-01 1.92
40 x 40 4.63E-01 2.00 7.68E00 1.93 1.26E—02 2.00 8.70E—02 1.96
80 x 80 1.16E—01 2.00 1.97E00 1.96 3.16E—03 2.00 2.21E-02 1.98
Polynomial space P> Exponential space EX(a, )
L*-error Order L>-error Order L*error Order L>-error Order
10x 10 2.96E—01 5.37E00 9.11E-03 5.98E—-02
20 %20 3.72E-02 2.99 7.47E-01 2.85 1.15E-03 2.99 7.89E—03 2.92
40 x 40 4.66E—03 3.00 9.85E-02 2.92 1.43E—-04 3.01 1.01E—03 2.97
80 x 80 5.82E—04 3.00 1.26E—02 2.97 1.79E—05 3.00 1.30E—04 2.96
We set /= —13 and choose an initial condition u(x, y, 0) =1 and the boundary conditions u(x, 0, ¢) =

6(8e* +e ), u(x,1,0)=(5+e )8 +e ), w0,y 1)=95"+e ) and u(l,y, )= (8>+e?)
(5¢ + e7%). The exact steady state solution is u(x, y) = (8¢** + ¢ 2*)(5¢* + ¢~*). The numerical results
are given in Table 5.14. This time, since the exact solution is not in the finite element space E“(«, ) no matter
how we choose the parameters, we cannot expect errors at the round-off level. However, we can see that our
method automatically choose suitable parameters in the exponential space E(«, ), since the magnitude of the
errors are much smaller than those from the regular DG method with the same meshes.

6. Concluding remarks

We have designed and tested different approximation spaces for the discontinuous Galerkin (DG) and the
local discontinuous Galerkin (LDG) methods. Our work demonstrates the flexibility of the DG and LDG
methods with finite element spaces. We have formulated conditions under which the approximation results
similar to those of polynomial spaces can be proven, and verified that several approximation spaces including
the exponential spaces and trigonometric spaces satisfy these conditions. Stability and error estimates for the
DG methods based on non-polynomial spaces, similar to those for the DG methods based on standard poly-
nomial spaces, have been proven under the these conditions. We have also investigated methods to determine
the parameters in the local approximation spaces dynamically, and have demonstrated through numerical
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examples the effectiveness of these methods to identify parameters suitable for the approximated solutions.
Numerical examples indicate that, when the local approximation spaces are well chosen, the DG approxima-
tion can be much more accurate than that using the standard polynomial spaces.

The main objective of this paper is to demonstrate the flexible approach to the solution space for a discon-
tinuous Galerkin method. For practical problems with complicated solutions, it is certainly a challenge to
identify the suitable approximation spaces with an efficient numerical procedure. If an optimal approximation
space is not correctly identified, one may gain little or even no improvement in accuracy over standard discon-
tinuous Galerkin method using standard polynomials spaces. However, the order of accuracy will not be lost if
the space satisfies certain sufficient conditions spelled out in this paper.

In the future we plan to study more systematically the issue of identifying optimal parameters in the local
spaces dynamically, especially for multi-dimensional problems. We also plan to study other local approxima-
tion spaces, including those with multi-scale basis functions [1,13], in order to solve other PDEs including
those in the multi-scale context.

Appendix A

In this appendix, we verify that the approximation spaces E*(x) given by (3.1), the trigonometric spaces
T"(oc) given by (3.3), and their two-dimensional versions (3.7) and (3.8), do satisfy the conditions (3.4) in one
dimension or (3.9) in multi-dimensions. We also establish the existence of the “inverse” tensor 4 of a fourth
order tensor A.

A.1. The E*(u) space

We choose a local basis v; = €%~ (x — x;)" in this case. We then have

al Dt/erl
e (=) | ] 1 —(k; 3
o (x=xj) (v __ o1 . Sk
e T X X; o X X o .
( ,/) _ 0 1 . W ( j) + k_j| (x o xj)k+l + O((ij)k+2)
- ‘ ‘
e (x — x)) 0 0 ... 1 (r —x;) "

Therefore, we have

1o i e+ D)1
o1 o ¥
A= 0 1 @ |, b=2 e
0 0 1 ||
It is easy to obtain
—0; k
I - ( ki/>
(o)
A41=10 1 =)
0 0o ... 1

"and b are independent of Ax;. Hence condition (3.4) is satisfied.

and we can observe that both 4~
A.2. The T' (o) and T (a) spaces

We set the basis functions as vy = 1, v; = sina(x — x;) and v, =1 — cosa{x — x;). We have
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1 1 0 0 1 0
sin o (x — x;) =10 o 0 (x—x) |+ - %’ (x —x;)* + O((Ax))").
1 — cos a;(x — x;) 0 0 /2] \(x—x) 0

For the T"() space, we have 4 = (1 0 > and b = (&) From which we obtain 4! = ((1) l/od ) For
J

0 o B
1 0 O 0, 1 0 0
the T%(o) space, we have A= [ 0 o; 0 and b = % . Then we obtain 4'= | 0 1/o; O
0 0 /2 2] 0 0 2/

We can see that both 4~! and b are independent of Ax; for both T (o) and T?(«) spaces. Therefore condition
(3.4) is satisfied. The verification for the general T%(«) case with k > 2 is similar.

A.3. The “inverse” tensor A of a fourth order tensor A

We need to create a bijective mapping L from upper-triangular fourth order tensors to matrices. The map-
ping L is defined as

LA = B7 b,/ = Amnpq

with m,n >0, m+n<k, p,g=0, p+q<k, i=mm*+n*+2mn+m+3n)/2 and j=p*+ ¢ +2pq+
P+ 39)/2.

This mapping can be easily verified to be both injective and surjective.

Then we can obtain B~ if B is invertible and let

A=L"'B""

For the tensor 4 in the proof of Proposition 3.3, the matrix B can be easily verified to be invertible.
We can also easily verify that for any matrix b and ¢, if 5: 4 = ¢ holds, then ¢ : 4 = b is valid.

AA4. The EX(a, B) space

We take
U = 0T (x — )" (y —y)", m+n<k

in this case. We know that

o . A .
U = Z A = x) (=) + Z m(x*xi) =)

m<pn<q.prq<k (p—m)l(g —n)! pra=k+1

q

+O((An) ™).

Hence we have 4 = (a,p,) With

41?’"/;77” m<p,n<qg,pt+q<k
Amnpg = (p—m)!(g—n)!” ST =M

0 otherwise.

)

. k+l=m—n . — _ .
and b = (b,,,,) with b,,, = % Then we obtain A = (8,,,,,) With
(=aa)’"(=B;)"™"
P Wa m<p,n<q,pt+q<k,
mnpg — .
0, otherwise.

We can see that both A and b are independent of Ax.



322 L. Yuan, C.-W. Shu | Journal of Computational Physics 218 (2006) 295-323
A.5. The T'(a, B) and T (o, ) spaces

We set

voo = 1,

vyp = sin o (x — x;),

vor = sin B,(y — ),

vy = 1 —cos o (x — x;),

v = sinoy(x — x;) sin B;(y — y;),
vy =1~— Cosﬂj(y _J’j)

in this case. For the T'(«, ) space, we have 4 = (Wmnpq) With

aoo00 = 1,

u _ ) @0 = %,

e dolo1 = ﬁj
0, otherwise.

3
,-.‘~

0 |lu _
and b = ( 3 ) Then we obtain A = (&,,,,) With

3
Lo
o000 = 1,
u ) @0 = 1/a;,
e aotor = 1/ﬁj,
0, otherwise.

For the T%(«, ) space, we have 4 = (@pnpq) With

aoo00 = 1,
aioro = o,
dolo1 = ﬁj
Apnpg = § 42020 = 06,2/27
ann = O‘tﬂ,-y
amo2 = ﬁjz»/Z,
0, otherwise.
0 By
and b= | 1B \awl;/-lx 0 |- Then we obtain A = (@,,,,,) with
Bl 0 0
o000 = 1,
a0 = 1/a;,
aoplor = 1//3,-,
Appg = § 92020 = 2/06,2,
ann = 1/(05iﬁj)7
a2 = 2//3,2-7
0, otherwise.

We can see both A and b are independent of Ax for both T'(x, f) and T%(x, f§) spaces.
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